ABSTRACT: Solutions to the hierarchy problem usually require top partners. In standard SUSY or composite Higgs theories, the partners carry SM color and are becoming increasingly constrained by LHC searches. However, theories like Folded SUSY (FS), Twin Higgs (TH) and Quirky Little Higgs (QLH) introduce uncolored top partners, which can be SM singlets or carry electroweak charge. Their small production cross section left doubt as to whether the LHC can effectively probe such scenarios. Typically, these partners are charged under their own mirror color gauge group. In FS and QLH, the absence of light mirror matter allows glueballs to form at the bottom of the mirror spectrum. This is also the case in some TH realizations. The Higgs can decay to these mirror glueballs, with the glueballs decaying into SM particles with potentially observable lifetimes. We undertake the first detailed study of this glueball signature and quantitatively demonstrate the discovery potential of uncolored naturalness via exotic Higgs decays at the LHC and a potential future 100 TeV collider. Our findings indicate that mirror glueballs are the smoking gun signature of natural FS and QLH type theories, in analogy to tree-level Higgs coupling shifts for the TH. We show that glueball masses in the ∼ 10-60 GeV mass range are theoretically preferred. Careful treatment of lifetime, mirrorhadronization and nonperturbative uncertainties is required to perform meaningful collider studies. We outline several new search strategies for exotic Higgs decays of the form h → XX → 4f at the LHC, with X having lifetimes in the 10µm to km range. We find that FS stops can be probed with masses up to 600 (1100) GeV at the LHC with 300 (3000) fb −1 of data, and TH top partners could be accessible with masses up to 900 (1500) GeV. This makes exotic Higgs decays the prime discovery channel for uncolored naturalness at the LHC.
Introduction
The Standard Model (SM) is beautifully completed by the discovery of the Higgs boson at the LHC [1, 2] . A vigorous program to explore the new particle's properties is already underway, and all available high-energy data is, so far, in perfect agreement with SM predictions. This experimental triumph has made the hierarchy problem all the more vexing. Stabilizing the electroweak scale requires new radiative Higgs mass contributions around a TeV. The Higgs has been found, but the associated beyond-SM (BSM) physics has not revealed itself to date.
There are two known symmetry mechanisms for stabilizing the electroweak scale. 1 Supersymmetry [4] introduces a partner whose spin differs by a half-unit but has identical gauge charge for each SM particle, with stops canceling the top quadratic correction to the Higgs mass. In the Composite Higgs framework [5] or its 5D-duals, the Higgs is realized as a pseudo Nambu-Goldstone boson (pNGB) transforming under an approximate shift symmetry. Additional protection mechanisms like collective breaking in Little Higgs theories [6] [7] [8] [9] and holographic Higgs models [10] [11] [12] control the shape of the Higgs potential, which result in fermionic top partner states regulating the quadratic Higgs mass divergence. Since the symmetry that protects the Higgs commutes with gauge symmetry, both scalar and fermionic partners have SM color charge and can be copiously produced at the LHC if they are lighter than a TeV. Theories with colored top partners are therefore becoming increasingly constrained by LHC null results (see e.g. [13] [14] [15] [16] ).
This might lead one to think that naturalness, as a guide to new physics, is in a bit of a tight spot, but this naive view is too pessimistic. For example, various R-parity violating scenarios or non-minimal models like Stealth SUSY [17] can remain natural while protecting the Higgs mass. Alternatively, the colored partners could simply sit on top of SM backgrounds in kinematic blind spots [18] (though those areas are coming under increased scrutiny [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ). Finally, it remains possible that colored top partners are simply 'around the corner' and will show up early in run 2 of the LHC. It is clearly too early to abandon standard SUSY or composite Higgs theories. However, it is worthwhile to consider alternatives in an attempt to consider the full theory space of natural solutions to the hierarchy problem.
Recently, there has been an upswell of interest in theories with uncolored top partners. In these models the symmetry protecting the Higgs mass does not commute with color, leaving the weak scale to be stabilized by SM singlets or states with only electroweak (EW) quantum numbers. An essential component of these models is an SU (3) B gauge group in the BSM sector to match the color SU (3) A of the SM. The first and prototypical examples of such theories are the Twin Higgs [29] and Folded SUSY [30] models.
In the original Mirror Twin Higgs model, the entire SM is duplicated in a hidden mirror sector. The full Higgs sector respects an approximate global symmetry, and the SM-like Higgs is a pNGB of its spontaneous breaking. Gauge and Yukawa couplings explicitly break the global symmetry to a discreet Z 2 , which is nevertheless sufficient to make quadratic corrections to the Higgs mass from quark and gauge loops respect the original global symmetry, protecting the pNGB Higgs mass at oneloop. Most significant to phenomenology, all twin particles are singlets under the SM gauge groups, the top partners are fermions, and the couplings of the Higgs to other SM fields are reduced by the usual pNGB factor.
In Folded SUSY the mass of the Higgs is protected by an accidental low-energy SUSY limit, with the SM fields and their superpartners charged under different SU (3) gauge groups. Because superpartners of the SM fermions couple to the SUSY Higgs fields in the usual way they must carry EW charges. Thus, in this model the top partners are EW charged scalars.
These models, and related constructions like Quirky Little Higgs [31] , include a mirror sector 2 with its own strong force under which the top partners are charged. This leads to either mirror baryons or, in the absence of light SU (3) B -charged matter, glueballs (see [32] [33] [34] ) at the bottom of the mirror sector spectrum, connecting Hidden Valley phenomenology [35] [36] [37] [38] [39] [40] to naturalness. Another commonality in all these scenarios is that they only solve the little hierarchy problem at one-loop level, necessitating a more complete theory at O(5 − 10 TeV).
There has been much interest in generalizing these models and understanding their underlying mechanisms [41, 42] , as well as exploring more UV-complete implementations within a supersymmetric [43] , Randall-Sundrum [44] , composite Higgs [45] [46] [47] , or deconstructed [48] setup. The mirror sectors can have important cosmological consequences, such as providing a dark matter candidate (see [49] [50] [51] [52] for recent studies within the Twin Higgs framework), or leading to detectable gravitational waves [53] . There may even be connections to the SM neutrino sector [54] . Future high-energy colliders, dark matter experiments, and cosmological observations might explore this rich new world, but what can the LHC teach us now?
A few phenomenologial studies of uncolored naturalness exist [55, 56] , but these were not focused on the vital third generation partners. Recently, the authors of [57] pointed out the exciting connection between exotic Higgs decays and uncolored top partner models. In this paper we will explore that direction further, and place it in the broader context of what experimental signals are "required" by uncolored naturalness.
In order to understand the experimental signatures of naturalness, broadly defined, it is informative to classify existing (or possibly existing) theories according to the physical properties of the top partners, namely SM gauge charge and spin (which corresponds to the kind of symmetry protecting the Higgs). It is these physical properties that give rise to a set of experimental signatures which, as we will argue, hold the promise of discovering every theory of uncolored naturalness. Table 1 shows the grid of top partner SM charges and spins, with a specific model in each field acting as a representative of its class of top partner theories. The top partner production channel is given by the gauge charge. For theories of uncolored naturalness, the 'smoking-gun' type signature that would lead to the discovery of that particular model class is indicated via the colored boxes.
All known theories with fermionic top partners assume the Higgs is a pNGB. This leads to unavoidable Higgs Coupling Shifts relative to the SM. They are generated at tree-level and are of the same order as the tuning in the theory. The LHC will only be sensitive to O(10%) deviations, but future lepton colliders like the ILC, TLEP or CEPC will constrain these coupling at the sub-percent level [56, 58] . Therefore, natural fermionic-top-partner solutions to the hierarchy problem should produce measurable deviations. While diagnosing the details of the theory might be challenging, possibly requiring access to the UV completion with a 100 TeV collider, these couplings serve as a smokinggun for the discovery of e.g. Twin-Higgs type theories. (Higgs coupling deviations are, of course, also generated at loop-level if the mirror sector has any SM charge. However, the small size of these deviations make them an unlikely discovery channel for partner masses above a few 100 GeV [56] .)
A more declarative signature is mirror glueballs. Our understanding of confining pure gauge theories has advanced significantly since the first uncolored naturalness theories were proposed [32] [33] [34] . A Minimal ("Fraternal") Twin Higgs setup without light first and second generation partners [57] could have glueballs at the bottom of the mirror sector spectrum. These glueballs couple to the visible-sector Higgs through a top partner loop, leading to glueball production in exotic Higgs decays, with subsequent glueball decay to two SM fermions via an off-shell Higgs. While the quantitative phenomenological details of this signature were not fully explored, it is clear that the corresponding decay lifetimes can be in the observable range, leading to striking LHC signatures. 
Higgs portal observables
Higgs coupling shifts ⇠ tuning Mirror Glueballs Table 1 . The "theory space" of solutions to the hierarchy problem with top partners, organized by SM gauge charge and spin, with a representative model example in each field. The gauge charge dictates the direct top partner production mode, which makes the LHC suitable for discovery of colored top partners. For uncolored top partners, mirror glueballs are highly favored for EW-charged mirror sectors, and possible for singlet top partners. Higgs coupling shifts of same order as tuning are present in all known fermionic top partner theories. Together, these two signatures allow discovery of all known uncolored top partner theories. A hypothetical "singlet-stop" theory is indicated with a question mark, and would have to be discovered by either probing the UV completion or, for partner masses of a few 100 GeV, with Higgs portal observables (see text).
As exciting as this experimental signature is, it is not a requirement for generic Twin-Higgs type models-the SM-singlet sector could easily have relatively light quarks, making for a hadron spectrum more like that of the visible sector. On the other hand, mirror glueballs, and their associated signals, are a requirement for uncolored naturalness theories with EW-charged mirror sectors, like Folded SUSY or Quirky Little Higgs. This is due to LEP limits forbidding BSM particles with EW charge lighter than about 100 GeV [59] . If the structure of the mirror sector is based on our own, it cannot contain very light strongly interacting matter, resulting in glueballs at the bottom of the mirror-QCD spectrum. Crucially, this makes mirror glueball signals the smoking-gun discovery signal for Folded-SUSY type theories.
It is interesting to think about the empty square in Table 1 . So far, no explicit theory with SMsinglet scalar top partners has been proposed. If such a theory existed, and there were no other SM-charged states required near the weak scale, discovery could be quite difficult. In a Folded-SUSY like spectrum with weak-scale soft masses we might again expect the existence of mirror glueballs, with their accompanying experimental signatures. If, however, the mirror sector contains light matter or mirror-QCD was broken, discovery would have to proceed through Higgs-portal observables: invisible direct top partner production h * →tt [60, 61] , Higgs cubic coupling shifts [60, 62] at a 100 TeV collider, or sub-percent σ Zh shifts at a lepton collider [63] . In each case, the currently understood sensitivity extends only to singlet stop masses of about 300 GeV for the possible future machines under consideration (depending on the number and coupling structure of the partners). If the partners are heavier, we must rely on probing the UV completion to discover these hypothetical models.
In constructing this picture we assume the existence of a mirror QCD under which the mirror sector is charged. This ensures similar running of the visible and hidden sector Yukawa couplings to protect the one-loop cancellation (see [57] for a recent discussion), but depending on the UV completion scale this is not technically essential. 3 We also focus on signatures that are due to the 3 rd generation partners, because of their direct link to the little hierarchy problem. Other signatures (like electroweak precision tests, or direct production of the first two generations and subsequent quirky annihilation [55] ) are certainly possible. Finally, it is likely possible to engineer theories that avoid the indicated smoking-gun signatures. Nevertheless, this generic expectation gives an instructive overview of the experimental potential for probing uncolored naturalness.
Given the importance of mirror glueball signatures, we here set about studying their phenomenology in detail. We find that, for representative mirror sectors giving rise to glueball signatures, the lightest state is favored to have a mass in the ∼ 10 − 60 GeV range, which permits production via exotic Higgs decays. There are still important uncertainties in our understanding of pure glue dynamics, most importantly possible mixing effects between glueballs and the Higgs and details of hadronization. We outline how to effectively account for these unknowns in a collider study, and demonstrate that concrete sensitivity predictions can still be made.
In the course of conducting our collider analyses we make use of efficiency tables for the reconstruction of displaced vertices supplied by the ATLAS studies [65, 66] . We hope that this simple method for estimating signal yield can serve as a template for future theory studies of scenarios involving long-lived particles. 4 We estimate the sensitivity of the LHC to discover these mirror glueballs, and find sensitivity to ∼ TeV top partners (scalar or fermion) across the entire mass range with 3000 fb −1 of luminosity.
This assumes present-day detector capabilities, which is likely to be conservative. New searches would be required to achieve this coverage, but our results provide strong motivation to implement the required experimental analyses, some of which require the reconstruction of displaced vertices 50µm from the interaction point. 5 We also estimate the reach of a 100 TeV collider by scaling the same searches to higher energy. Due to likely superior triggering and reconstruction capabilities compared to the LHC, these estimates are very pessimistic. Even so, they demonstrate the impressive reach achievable at such a machine.
There is potential for exciting complementarity between experimental signatures of uncolored naturalness. Top partner direct pair production and annihilation could not only produce another detectable glueball signal, but also allow hidden sector masses and couplings to be determined, testing 3 There are uncolored top partner theories without mirror color [64] , but in those models the scale of the UV-completion, defined broadly as the scale where additional states appear, is only a few TeV in the fully natural case. 4 The data driven techniques employed by [67] may also aid in further studies. 5 The issue of how to trigger on exotic Higgs decays is a pressing one (see e.g. [57, 68] ), but we show that standard trigger strategies give significant reach to uncolored naturalness models.
the solution to the little hierarchy problem. Higgs coupling measurements would independently hint at the mass of fermionic top partners. Finally, the mirror sector's connections to cosmology might also be probed: the existence of glueballs implies an absence of light quark flavors, which gives rise to a strong first-order chiral phase transition in the early universe. In that case there may be detectable gravitational-wave signals [53] . Correlating these cosmological and LHC signals would serve as a powerful diagnostic of the mirror sector dynamics. This paper is structured as follows. Section 2 reviews the prototypical models of colorless naturalness and establish notation for subsequent analyses. We then describe, in Section 3, the expected spectrum and properties of the mirror glueballs associated with these models. In Section 4 we find the expected experimental reach for these models from exotic decays of the Higgs into mirror glueballs. We then give a brief preliminary discussion of the signals generated by the direct production of uncolored top partners in Section 5 and conclude in Section 6.
Models of Uncolored Naturalness
In this section we briefly review the salient features of three representative theories of uncolored naturalness: Folded SUSY, Twin Higgs, and Quirky Little Higgs. Each of these solves the little hierarchy problem by protecting the Higgs mass from large corrections at one-loop, up to some cutoff Λ ∼ O(5 − 10) TeV. All of them require a more complete theory at higher scales, with supersymmetry or compositeness addressing the full Hierarchy Problem beyond the cutoff of the low-energy description.
Mirror glueballs arise automatically in Folded SUSY and Quirky Little Higgs theories. Certain 'minimal' incarnations of the Twin Higgs setup can feature them as well. This motivates our study of exotic Higgs decay for probing uncolored naturalness.
Folded SUSY
In typical supersymmetric extensions of the SM every known particle has partner particles (or superpartners) associated with it. These partners differ from their SM counterpart by an half unit of spin, but otherwise carry the same quantum numbers. In particular, the gauge structure of the theories commutes with supersymmetry so the particles and their superpartners carry identical gauge charges.
In Folded SUSY [30] theories the superpartners are not charged under SM color, but carry a different SU (3) B charge. This can be arranged in the context of a 5D theory with the extra dimension of radius R compactified over a S 1 /Z 1 orbifold with branes at the orbifold fixed points. 6 The gauge structure is
Y , along with a Z 2 symmetry that exchanges the vector superfields of the two SU (3)s. The 5D N = 1 SUSY corresponds to N = 2 in 4D, which is broken by boundary conditions on each brane to a different N = 1 through the Scherk-Schwarz mechanism [69] . This breaks N = 2 → N = 0 globally.
The boundary conditions of the fields are chosen such that the light quark states identified with SM are charged under SU (3) A while the squarks that cancel the quadratic Higgs mass corrections of 6 For an alternative, and 4D, construction see [48] . the quarks are charged under SU (3) B . The boundary conditions of the gluinos ensure that they are not part of the low energy theory. The (s)lepton and EWino spectrum is the same as in the MSSM, with soft masses given by the scale of the extra dimension in the minimal model. Therefore, the low lying spectrum is made up of SM field zero modes and the scalar zero modes of the minimal supersymmetric standard model (MSSM). 7 The MSSM scalars are charged under the mirror SU (3) B , but the SU (2) L × U (1) Y gauge group is shared. In this or similar constructions, the electroweak charges of the superpartners are unavoidable, because the cancellation of Higgs mass quadratic divergence proceeds via the usual SUSY mechanism, so the stops charged under SU (3) B must couple to the SM-like Higgs identically to stops in the usual MSSM.
The mirror-stops are not charged under SM color, which drastically reduces their production cross section at hadron colliders compared to colored stops in standard SUSY theories. However, because they still carry EW charge, LEP limits require that they not be lighter than ∼ 100 GeV. The lightest states in the mirror sector are therefore the SU (3) B glueballs, which can be produced in decays of the SM-like Higgs and lead to the discovery signature discussed in this work.
Direct production of the mirror squarks in Drell-Yan-like processes and subsequent annihilation through quirky dynamics may yield additional discovery signatures [55] , including W γ resonances at the LHC [56] . Possible glueball signals from these processes are briefly discussed in Section 5.
Twin Higgs
The Twin Higgs model [29] posits a copy of the SM, called the Twin (or mirror) sector, along with a discrete Z 2 symmetry that exchanges the two. Additionally, the total Higgs sector, including both SM and Twin fields, is approximately invariant under a a global symmetry, either SU (4) × U (1) or SO (8) . This symmetry is spontaneously broken when one of the fields gets a VEV f / √ 2. The SM Higgs is then identified as one of the pNGBs of the broken symmetry.
This global symmetry is explicitly broken by the gauging of the Higgs doublet in the SM and Twin sectors and by Yukawa couplings, making the mass of the Higgs susceptible to quadratic corrections that depend on gague or fermion loops. However, the Z 2 symmetry guarantees that the SM and Twin contributions cancel in each case, thus the mass of the Higgs is protected from large 1-loop contributions.
In general the VEVs of the Higgs field v A / √ 2 and its Twin
We characterize how much of the total VEV is in each sector by defining
where v A = 246 GeV. Of the seven pNGBs produced when the symmetry is broken, six are eaten by the vector bosons of the SM and Twin SU(2)s. The remaining pNGB is identified with the SM Higgs. If the Z 2 symmetry is exact then ϑ = π/4 and the Higgs boson is an equal mixture of SM and Twin 7 Note that there is no tuning associated with splitting the folded squarks from the gauginos. In the extra dimensional construction the folded squarks have zero mass tree level; the scale of their soft masses is given by gauge (and Higgs for the third generation) interactions, see [30] for the explicit soft masses. Thus, the squarks are generally lighter than the gauginos by the gauge coupling squared divided by a loop factor.
sectors. The couplings g of the SM particles to the Higgs are g = g SM cos ϑ, making such are large value of ϑ excluded by experiment. A soft breaking of the Z 2 , however, allows the Higgs mass to be protected while setting ϑ 1 and thus making the observed Higgs a mostly SM object. This same difference in the VEVs raises the masses of the Twin fermions. The masses of a SM fermion F and its twin F T are given by
respectively. Or, expressed another way
where the final relation is taken in the v f limit. While we do not show it here, the masses of the SM and Twin gauge bosons are related by the same factor.
Breaking the Z 2 by just the right amount to give small v constitutes a tuning of the model. Twin top loops give the dominant contribution to the Higgs mass parameter:
with Λ the cutoff of the model. For Λ of a few TeV this implies that the tuning goes like
While the first incarnation of this model assumed a full doubling of the SM, this is not the minimal model required by naturalness. The so-called Fraternal Twin Higgs [57] is such a minimal model and only includes the third generation in the mirror sector. In such a model, the lightest mirror states may be glueballs of SU (3) B , depending on the mass of the mirror bottom quark.
Quirky Little Higgs
The Quirky Little Higgs model shares features with both Twin Higgs and Folded SUSY. As in Twin Higgs, the mass of the Higgs is protected by its being a pNGB of a spontaneously broken symmetry. This leads to similar reductions of the Higgs couplings relative to the SM by the factor cos ϑ and thence to the same induced coupling of the Higgs to mirror gluons.
However, the entire SM is not copied in this model. There is instead a 5D construction, with extra dimension called y, similar to Folded SUSY's including the S 1 /Z 1 orbifold and branes at y = 0 and y = πR. The bulk gauge structure is SU (6) × SU (3) W × U (1) x which (before any fields get VEVs) is also preserved at y = πR. Boundary conditions on the y = 0 brane break the gauge symmetry to
This includes the SM electroweak and color gague groups along with a new SU (3) B .
The SU (3) W gauge group is also broken by a field Φ, which lives on the y = 0 brane, getting a VEV. This spontaneous breaking of the symmetry leads to 5 pNGBs, 4 of which are identified with the SM Higgs doublet. The matter content of the theory is composed of fields that transform as fundamentals of both SU (6) and SU (3) W . This effectively doubles the matter content of the usual Little Higgs model, one set charged under SM color and the other under SU (3) B . Orbifold boundary conditions are chosen such that the low energy spectrum of the third generation consists of the SM top quark t and the top quirk T .
As in Folded SUSY, the quadratic corrections to the Higgs mass of the SM fermions are canceled by partners charged under a different SU (3), but carry the same electroweak charges. This means that they can be produced directly at colliders and give rise to phenomenology similar to Folded SUSY. The most significant difference is that the top partners are fermions, which also leads to tree-level Higgs coupling deviations as for the Twin Higgs.
Mirror Glueballs
As outlined above, the mirror sector of many theories of uncolored naturalness is pure gauge SU (3) B at low energies. In this section, we briefly review the resulting mirror glueball spectrum and derive the range of glueball masses favored by renormalization group (RG) evolution for a range of mirror sectors. We find that mirror glueballs, if they exist, are likely to have masses in the ∼ 10 -60 GeV range. We also show the form of the effective mirror-glue coupling to the visible SM-like Higgs through a top partner loop, and discuss the resulting mirror glueball and Higgs decays.
Spectrum
The low-energy spectrum of a pure SU (3) gauge theory was computed on the lattice by [32, 70] . There are 12 stable (in the absence of other interactions) J P C eigenstates, shown in Fig. 1 . Masses are given as multiples of m 0 , the mass of the 0 ++ scalar glueball state at the bottom of the spectrum. In terms of the familiar MS QCD confinement scale, m 0 ≈ 7Λ QCD to a precision of about 5%. The other glueball masses as a multiple of m 0 are known to ∼ few % or better. Above ∼ 2 -3 m 0 there is a continuum of glueball states that decay down to the 12 stable states shown in Fig. 1 . Hadronization will be discussed in Section 3.4.
The mass of the mirror glueballs is entirely determined by the running of the strong coupling constant in the B sector. Given the matter content of a mirror sector we can compute the running of the mirror strong coupling α B s (µ) using the standard one-loop beta function. Define µ B pole as the scale satisfying α B s (µ B pole ) −1 = 0, and similarly µ A pole for the visible sector. The A-sector beta function is also computed at one-loop and matched to the measured value of α s (m Z ). The mirror glueball mass can then be obtained using the result of [70] :
where r −1 0 is the hadronic scale, with (r SM 0 ) −1 = 410 ± 20 MeV. Rather than computing r 0 in the mirror sector directly from the running gauge coupling, which would require a more sophisticated treatment than one-loop RGEs, we estimate it by a simple rescaling of the one-loop Landau poles. This gives
We can then compute the well-motivated range of m 0 in several representative examples of uncolored naturalness theories, showing that glueball masses below half the Higgs mass are strongly theoretically favored. Unless otherwise noted, both a 0 and r SM 0 are taken at their central value for these estimates.
Folded SUSY
In Folded SUSY without soft masses or Yukawa terms, the KK-states of A-quarks (B-squarks) have masses {0, 1/R, 2/R, . . .}, while the A-squarks (B-quarks) have masses of {1/(2R), 3/(2R), . . .}. Both sectors have identical gauge-KK-towers, with no zero-mode gauginos. At each threshold n/(2R) the A-and B-states have different spin but identical gauge quantum numbers and multiplicities. Their contributions to the α A,B s beta-functions are identical, so the two SU (3) A,B strong interactions have identical couplings. 8 The introduction of soft masses and Yukawa terms results in very small shifts to the KK-towers, assuming m 2 KK m 2 soft , m 2 Yukawa . The most significant effect is the lifting of zero modes. Assuming the largest B-squark soft mass to be larger than the top mass in the A-sector, the two strong couplings track each other from some UV-completion scale µ = Λ UV down to µ = m Z 2 , which we designate as the scale (near the largest B-squark soft mass) where the Z 2 symmetry between the two strong couplings is broken.
Without knowing the soft mass spectrum of the theory it is impossible to predict the mirror glueball mass m 0 precisely. However, it is possible to highlight the range m 0 can take. Heavier mirror sector soft masses lead to heavier glueballs, since less light matter causes the mirror-QCD to confine more quickly as we approach the infrared (IR). Therefore, we find the most probable range of glueball masses by considering opposite extremes of the possible particle masses.
Without loss of generality,t B 1 can be designated as the lightest B-squark zero mode. Its mass, mt 1 , sets the bottom of the mirror sector matter spectrum. For a given m Z 2 where
, we then compute α B s (µ) at one-loop order for two scenarios: one where all the B-squarks exceptt 1 have mass m Z 2 , and one where all B-squarks are degenerate witht 1 . The resulting minimum and maximum values of m 0 for different m Z 2 are shown in Fig. 2 . For values of m Z 2 up to 20 TeV, which is very high considering the Higgs mass is only protected at one-loop, the glueball mass ranges from ∼ 12 − 55 GeV. While these extremes do not represent the most natural realizations of the framework, they span the lightest to heaviest glueball possibilities, so that the more motivated models lie within these boundaries. For instance, if instead of keeping only the lightest stop light we keep the entire third generation at the light stop mass (a "Natural SUSY"-like construction) then the upper glueball mass bound is lowered slightly to 50 GeV.
Twin Higgs
In the original Mirror Twin Higgs model, the entire SM fermion spectrum is duplicated in the B sector. Departing from the exact mirror symmetry assumption, a large variety of hidden sector spectra are possible. This makes it impossible to predict without additional information whether mirror glueballs are realized in the Twin Higgs framework, and at what masses. Even so, we can demonstrate that glueballs below half the Higgs mass are a plausible and well-motivated possibility.
For example, the Fraternal Twin Higgs model [57] contains only third-generation b B , t B quarks in the mirror sector, which is sufficient to preserve the Twin Higgs mechanism. Assuming again the two QCD forces to unify
, we can then calculate the glueball mass as a function of of m t B and the scale m Z 2 as for Folded SUSY above. This is shown as the blue contours in Fig. 3 (top) , and motivates glueballs in the ∼ 12 − 35 GeV range.
The glueball mass has to be below approximately twice the mirror bottom mass
for glueball states to form. 9 Therefore, in the above scenario, there are no glueballs for mirror tops lighter than about 400 GeV. However, Twin Higgs top partners of such low masses will lead to Higgs coupling deviations greater than 20%, which will be effectively probed by LHC run 2 [56] .
It is possible to break the mirror symmetry even further and allow the mirror b-quark to depart from the Z 2 prediction by a modest amount. The red dashed contours in Fig. 3 (Top) show the glueball mass if the mirror bottom mass is enhanced by a factor of 3. The effect on the glueball mass is minor, but glueballs can now exist for mirror tops as light as 200 GeV. Similarly, the mirror b-quark can be lighter than expected, which would decrease the parameter space with glueballs at the bottom of the spectrum.
Another possible scenario is a non-maximally broken mirror symmetry for the first two quark generations -rather than completely removing them from the spectrum (i.e. pushed to m Z 2 ), they could merely be significantly heavier than expected by the cot ϑ scaling of the B sector masses, Eq. (2.3). The glueball mass for this scenario, where m Q b = r · m t B m b mt with r = 1 or 3, is shown as gray lines in Fig. 3 . This leads to glueballs with a mass of a few −10 GeV, with no dependence on m Z 2 .
Finally, it is possible that the Z 2 symmetry is only approximate at m Z 2 (possibly due to threshold effects at even higher scale). A 10% difference between g A 3 and g B 3 can change the glueball masses by about an order of magnitude in either direction compared to the above predictions [57] . That being said, if the deviations are the typical size of threshold corrections at m Z 2 , then the range of possible glueball masses is similar to that obtained in Folded SUSY.
In summary, while the Twin Higgs framework makes it difficult to predict the eixstence or mass of mirror glueballs, there are many scenarios, including the Fraternal Twin Higgs, where glueballs in the ∼ 10 − 60 GeV mass range arise. This justifies our close examination of glueballs in this window.
Quirky Little Higgs
The mirror sector spectrum of the Quirky Little Higgs [55] framework is similar in feel to Folded SUSY, containing a fermionic partner for each SM quark. All but the top partner, however, are given bulk masses to remove them from the low energy spectrum. This is phenomenlologically motivated by LEP limits and the EW charge of the B sector partners. This results in approximately the same range of preferred m 0 values as the Folded SUSY setup described above.
Mirror gluon coupling to SM-like Higgs Boson
The visible SM-like Higgs couples to mirror gluons through a top partner loop, in exact analogy to its coupling to visible gluons through a top loop. Assuming the top partner to be significantly heavier than m h /2, this interaction can be described by an effective dimension-6 operator:
where H is the SM-like Higgs doublet, G (B) µν is the mirror gluon field strength, and the second line arises from the substitution H → (0, (v + h)/ √ 2) T . We adopt the notation of [34] and use [y 2 /M 2 ] as a coefficient that can be independently set for each theory, as we discuss below.
Note that dimension-8 operators allowing two gluons to couple to two visible or mirror sector electroweak gauge bosons can also be generated, depending on the top partner quantum numbers. This can lead to additional decay channels opening up, but for top partners above ∼ 100 GeV they do not significantly contribute to the 0 ++ decay width [34] , which will be our primary focus.
Folded SUSY
The B-sector squark zero modes in Folded SUSY have a standard MSSM spectrum, with stop mass matrix
are dominated by the Higgs independent soft masses. On the other hands, the terms depending on
arise from the B-stops' interaction with the Higgs field. The leading contributions to the hGG operator in Eq. (3.3) are therefore (see e.g. [72] )
A useful benchmark point is to assume X t = 0 and mt
In that case,
We will use the parameter mt to represent both stop masses in Folded SUSY.
Twin Higgs
In the Twin Higgs model there are two Higgs doublets coupling to gluons in their sector:
Cancellation of the quadratically divergent contributions to the light Higgs mass from the A-and Btop quarks requires y A t = y B t , which we assume from now on. The SU (2) doublet pNGB h field can be described in a non-linear sigma model (see e.g. [56] ):
where we have used the definitions in Eq. (2.1). The relevant dimension-6 operator coupling the visible SM-like Higgs to both visible and mirror gluons is therefore
The [y/M ] coefficient in Eq. (3.3) can be read off from the second term:
(Twin Higgs) (3.12)
Quirky Little Higgs
The nonlinear low energy parameterization of the Quirky Little Higgs model is nearly identical to the Twin Higgs. While there is not a complete copy of the SM, the B-sector contains a scalar SU (2) L singlet φ whose VEV is related to the EW VEV by v 2 EW + v 2 φ = f 2 , just like Twin Higgs. The induced coupling of φ to mirror gluons is then related to the coupling of the Higgs to mirror gluons as above. In short, y/M is identical for the Twin Higgs and Quirkly Little Higgs models.
Mirror Glueball Lifetime
The dimension-6 operator Eq. (3.3) allows glueballs to decay to SM particles through an off-shell Higgs. The corresponding decay widths were computed in [34] . For the lightest glueball decaying to two SM particles:
where
µν G (B)µν |0 ++ is the annihilation matrix element of the glueball through the scalar operator composed of gluon field strengths, and Γ SM h→ξξ (m 2 0 ) is the partial decay width of a SMlike Higgs with mass m 0 , computed to high precision using HDECAY 6.42 [73] . Mirror glueballs therefore have the same SM branching ratios as a SM-like Higgs of the same mass.
The hadronic matrix element can be extracted from lattice studies [70, 74] . We use the more recent result by [74] : 4πα
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The main observable of mirror-QCD is the glueball mass, so we express the matrix element in terms of m 0 , see Eq. (3.1):
). In this work we take m 0 as an input in our collider study. For this strategy, the main uncertainty in the total width is given by the uncertainty of the dimensionless number f 2 0 /a 6 0 , which is about 25%. The resulting decay length is shown, as a function of m 0 and top partner mass in Folded SUSY Eq. (3.8) and Twin Higgs Eq. (3.12) theories, in Fig. 4 . The 25% lifetime uncertainty on the contours is indicated with blue bands. Clearly, discovering very light glueballs would be challenging. However, the situation is more promising for the preferred 12 − 60 GeV regime, with decay lengths ranging from microns to kilometers.
The heavier glueball states have lifetimes that are several orders of magnitude longer than 0 ++ . Since that state already decays on macroscopic scales, we will focus exclusively on detecting 0 ++ decays as a probe of uncolored naturalness.
Exotic Higgs Decays
For m 0 m h /2, the inclusive exotic branching ratio of the Higgs to mirror-glue can be obtained from the SM branching ratio to gluons via a simple rescaling:
) depends on the mirror sector spectrum between m 0 and m h . Ignoring threshold effects below m h , it can be estimated by solving Eq. (3.2) for µ B pole and evolving to µ = m h :
The minimal assumption is b = 11, corresponding to no mirror sector matter below m h . This is almost required by LEP limits for Folded SUSY and Quirky Little Higgs. The resulting coupling ratio α
2 is shown as the green band in Fig. 5 (left) , ranging from about 1 to 2.5 for m 0 from 10 to 60 GeV. For a likely Fraternal Twin Higgs scenario, with a single mirror bottom below m h (assumed for illustrative purposes to be close to m 0 in mass), the ratio is only about 10% higher due to the negative contribution to b, as indicated by the purple band. If much more matter is present there can be significant enhancement, as shown by the red band for all mirror quarks being close in mass to m 0 except the mirror top. However, as illustrated by Fig. 3 (bottom) , in Twin Higgs scenarios this is only compatible with glueball masses below 25 GeV.
Estimating 0 ++ production
Owing to the vastly different lifetimes of the glueball states, we need to estimate the exclusive production rate of 0 ++ from exotic Higgs decays, since it will likely be the only glueball state that decays observably (though there can be exceptions). This requires detailed knowledge of pure-glue hadronization, which is not available. However, progress can be made by parameterizing our ignorance, as well as being pessimistic about signal rates for the purpose of a conservative sensitivity analysis. First, we assume 0 ++ glueballs are produced in symmetric two-body Higgs decays only. For very light glueballs (m 0 m h /2) this might seem to be a poor approximation, since mirror hadronization likely leads to final states with more than two glueballs. Nevertheless, the two-body assumption is suitable for a conservative signal estimate in displaced vertex searches. Compared to a realistic modeling of mirror hadronization, which would be challenging to do reliably, it underestimates glueball multiplicity and overestimates the p T of the resulting glueballs. The former trivially reduces the derived signal, but so does the latter, since the increased boost makes it more likely for the glueballs to escape the detector in this low-mass long-lifetime regime (see Fig. 4 ). We can then bootstrap an estimate for the exclusive Higgs branching fraction:
For our benchmark models of Folded SUSY and Fraternal Twin Higgs we can use the lower green curve in Fig. 5 (left) as a conservative estimate of α B s (m h )/α A s (m h ). The third phase-space factor in Eq. (3.18) ensures the branching ratio approaches zero at the kinematic threshold. Finally, κ(m 0 ) is a nuisance parameter which encapsulates our ignorance about glueball hadronization, as well as non-perturbative mixing effects between excited 0 ++ * states and the Higgs. Fig. 5 (right) shows the branching ratio for κ = 1.
For a given [y/M ] and m 0 , Br(h → 0 ++ 0 ++ ) is completely fixed up to the overall factor κ. A search which is sensitive to these exotic Higgs decays will therefore set an upper bound on κ. To proceed further we need to understand this factor in more detail.
Thermal partition functions with T ∼ Λ QCD give one estimate of the relative abundances of the different glueballs [75] . Since the glueball masses are almost an order of magnitude higher than the confinement scale, Boltzmann suppression significantly favors the lightest state 0 ++ relative to the other species, despite the small relative mass difference. Using these arguments, we would expect κ ∼ 0.5, but this estimate is unlikely to be correct in detail. Furthermore, for glueball production in exotic Higgs decays, some or all of the heavier glueball final states are forbidden if m 0 20 GeV, further complicating the picture. We therefore choose two benchmark functions κ min,max (m 0 ) to span the range of expected possibilities and roughly take the decreasing number of available final states with increasing m 0 into account.
With some exceptions (discussed below) it seems unlikely that κ be bigger than unity. Therefore we define κ max = 1 (3. 19) as the maximally optimistic signal estimate. A more pessimistic assumption (given that κ ∼ 0.5 is expected from the above thermal arguments) is that only ∼ 10% of glueballs end up in the 0 ++ state if all two-glueball final states are kinematically allowed. This pessimistic estimate should approach the optimistic one as the glueball mass is increased to the point where only 0 ++ is allowed. We therefore choose the ad-hoc ratio of phase space factors
where i runs over stable stable glueball states with m i < m h /2. (Note the absence of spin multiplicities.) This factor ranges from about 1/12 for m 0 ∼ 10 GeV to 1 for m 0 45 GeV, see Fig. 6 . These two assumptions should represent optimistic and pessimistic estimates of the effects of hadronization on the 0 ++ signal rate. We will therefore show projections for explicit exclusions using κ = κ min , κ max to illustrate the potential reach of the LHC and a future 100 TeV collider. could lead to κ-suppression. The above values of m 0 will be indicated in our limit projection plots, to indicate where κ may be significantly different from κ min or κ max .
Sensitivity of Exotic Higgs Decays
The enormous number of Higgs bosons already produced at the LHC, and the fact that mirror glueballs are motivated to be in the ∼ 10 − 60 GeV mass range, make Higgs decays to mirror glueballs an excellent discovery channel for uncolored naturalness. Displaced decay searches are expected to be very sensitive to mirror glueballs. The HL-LHC will produce about 10 8 Higgs bosons. With Br(h → 0 ++ 0 ++ ) ∼ 10 −5 − 10 −2 for Folded SUSY stops in the 200 -1000 GeV mass range (see Fig. 5 ), the number of produced mirror glueballs could be in the thousands or millions. This should result in several detectable glueball decays even for kilometer decay lengths.
In this section we estimate the total number of exotic Higgs decay events where, under the assumptions outlined in Section 3.5, one or more glueballs decay in various subsystems of the ATLAS detector. (The results would be qualitatively similar for CMS.)
These events form the 'raw material' for displaced searches. We then apply estimated reconstruction efficiencies and trigger requirements to estimate the actual discovery potential of the LHC, as well as a hypothetical future 100 TeV collider. The HL-LHC could be sensitive to uncolored top partners with TeV scale masses. Achieving full coverage requires several new search strategies, some of which involve the reconstruction of displaced vertices within 50µm of the interaction point.
Geometrical Signal Estimates
We start with a purely geometrical signal estimate for the three detector volumes defined in Table 2 . This gives an intuition for the amount of 'raw material' available for displaced-vertex searches of uncolored naturalness. In the next section, we include triggers and reconstruction efficiencies.
The number of expected events in which glueballs decay in these detector volumes is estimated as follows. The HAHM Madgraph model [76] is used to simulate the kinematics of Higgs bosons produced via gluon-fusion and vector-boson-fusion, with subsequent decay into two scalars s, which each decay dominantly into two b-quarks or τ -leptons. This can be used to model the kinematics of h → 0 ++ 0 ++ →f ff ( ) f ( ) . The hard matrix element for h → ss is different from the hard matrix element for h → g B g B , but since the Higgs is a scalar the distribution of the final glueballs is isotropic in the Higgs rest frame, which is the case for either matrix element. Glueball decay, on the other hand, occurs long after mirror hadronization, when the glueball is a genuine scalar. This is correctly modeled by having the scalar s decay tof f .
Matched samples with 0 or 1 extra jet are generated in Madgraph 5 and showered in Pythia 6 [77, 78] . The total signal cross section is computed by using the Higgs working group cross sections [79] for gluon fusion or vector boson fusion, along with Eq. (3.18) for the Higgs to Glueballs branching ratio for κ = κ max and κ min , giving optimistic and pessimistic signal estimates under the assumption that the Higgs to glueball decays are dominantly two-body. 10 since we are interested in the top partner mass reach of different searches we neglect this effect to preserve the easy comparison of FSUSY and TH Displaced glueball decays are analyzed by extracting the decayed scalars s (i.e. the glueballs) from each event, and using their boosted decay length | p 3 |/m 0 · cτ and angle θ to the beam axis to compute their probability of decaying within each of the detector volumes in Table 2 . This allows us to estimate the number of events with (a) at least one glueball decaying in the tracker, and (b) two glueballs decaying in the barrel HCAL or Muon System (MS). 10 Assuming SM Higgs production is not exactly correct for the Twin Higgs, where the cross sections are reduced by a factor of cos 2 ϑ due to mixing with the mirror Higgs. However, this effect is negligible (compared to other uncertainties) for top partner masses near the edges of sensitivity that we derive, so we neglect it in order to conveniently show bounds for both models in one parameter plane. Table 2 . Extent of detector volumes for geometrical signal estimates, modeled on the ATLAS detector. Fig. 7 shows the estimated event rates for LHC run 1, the 14 TeV LHC with 3000 fb −1 of data, and a hypothetical future 100 TeV pp collider with 3000 fb −1 of data. The numbers for the 100 TeV collider should be seen as suggestive, since we use the ATLAS detector geometry to estimate signal yield, and the future detector layout will be different. We see that reconstructing displaced decays in the tracker is crucial for detecting glueballs above ∼ 30 GeV. In principle, the first run of the LHC may have access to top partners as heavy as a TeV, with the potential reach exceeding 3 TeV for the HL-LHC. However, as we will see below, triggering and displaced vertex (DV) reconstruction significantly reduce that sensitivity. Even so, the reach will be very relevant for constraining models of uncolored naturalness.
Estimated Sensitivity of Searches
The purely geometrical signal estimate of the previous section suggests that the LHC might have very promising reach for uncolored naturalness. However, arriving at a realistic sensitivity estimate is challenging. A detailed collider study involving DVs, including backgrounds, is beyond our scope and would be very difficult to validate.
Fortunately, the ATLAS collaboration recently released two experimental searches [65, 66] for exotic Higgs decays of the form h → XX → 4f , where X is long-lived and decays with SM-Higgslike branching ratios to SM-fermions. This is identical to the h → 0 ++ 0 ++ signature we are focusing on, and the ATLAS analyses contain important lessons that we can use to estimate LHC reach, both beyond run 1 and beyond these two particular searches.
The first search [65] used specialized triggers to look for a single displaced decay in the HCAL. A second decay in the HCAL was then required to reduce the background to a very low level, about 20 events. The second search [66] followed a similar strategy, using a specialized trigger for displaced decays in the muon system (MS). Two separate offline analyses were performed, which required (a) one DV in the MS and another DV in either the MS or the inner tracker (IT), or (b) one DV in the MS, and at least 4 jets passing stringent p T cuts. The requirement of one fully reconstructed displaced vertex in addition to either another DV or a hard kinematic cut resulted in, effectively, zero background.
Displaced vertices are a very distinctive signature. What these ATLAS searches suggest is that searches for DVs could be regarded as approximately background-free, provided they look for (a) two DVs, or (b) one DV, in addition to a stringent non-DV requirement, such as high jet activity or leptons. T > 180 GeV p Table 3 . Prompt triggers we explore for displaced vertex (DV) searches of exotic Higgs decays to mirror glueballs. Top three rows: three representative jet triggers. The VBF h →bb trigger is modeled on [80] , the others are representative generic triggers [81] . The 14 TeV thresholds are derived from the 8 TeV thresholds by a 60% upscaling, and for illustrative purposes the 100 TeV thresholds are assumed identical to 14 TeV. Bottom row: single lepton trigger [81] for DV searches in the W h, Zh, tth production channels.
We suspect these guidelines to be particularly useful for fully reconstructed DVs in the Muon System or tracker. The absence of track reconstruction in the calorimeters is likely one factor leading to higher (though still very low) background levels in the HCAL search. The two ATLAS searches looked for particles with decay lengths of about a meter. However, the geometrical signal estimate demonstrated that sensitivity to much shorter decay lengths is required to cover the whole (m 0 , m TP ) parameter space of uncolored naturalness theories with long-lived glueballs (where m TP stands in for the top partner mass in different models). This forces us to utilize strategy (b), since at present there is no way to trigger on only displaced decays in the tracker without other requirements like high H T [82] . Therefore, we explore the sensitivity of several possible searches that require one DV in the tracker, and additional hadronic or leptonic activity in the event to trigger on.
A list of prompt trigger candidates, modeled on existing experimental searches, is presented in Table 3 . To be conservative we require glueballs to decay tobb in order to pass the VBF h →bb trigger. The multijet trigger from [66] is not included, since it has very low efficiency for Higgs decays. For jet triggers, we follow [66] and assume DV reconstruction down to a minimal impact parameter of r min = 4cm. We find the VBF h →bb trigger to be the most useful above thebb threshold, but other triggers can perform comparably, as we outline in more detail below. Probing parameter regions with relatively heavy glueballs requires sensitivity to even shorter decay lengths, down to O(10µm). Such DV reconstruction might be possible with a clean enough dataset [81] . We test this by requiring exotic Higgs decays from W h, Zh,tth production to pass a single lepton trigger, and assume that DVs can be reconstructed down to r min = 50 µm with the same efficiency as for r min = 4cm. Such an analysis would be no doubt challenging, but our work serves as powerful motivation to pursue this search. Table 4 . Summary of explored displaced vertex (DV) searches for exotic Higgs decays to mirror glueballs. The (IT)×(non-DV-trigger) searches in the first two rows are newly suggested searches. "best VBF" means that the VBF h →bb (inclusive VBF) trigger is used for m 0 above (below) thebb threshold. (HCAL)×(HCAL) and (MS)×(MS or IT) are recasts of [65] and [66] . Prompt and displaced trigger and reconstruction efficiencies are listed in Tables. 3 and Table 5 . ATLAS detector regions with sensitivity to displaced vertices. trig is the efficiency to trigger on a single displaced decay in that detector region. In the tracker and MS, each displaced decay has offline reconstruction efficiency DV . The overall reconstruction efficiency of an event with two decays in the HCAL that already passed triggers is offline . Geometrical definition and approximate efficiencies for displaced h → XX → 4f decay based on [65] (HCAL) and [66] (Muon System and tracker). For the tracker, [66] gives about r min = 4cm, which we use as well. However, for a clean final state recorded via the lepton trigger we consider r min = 50 µm [81] .
The four searches we investigate are summarized in Table 4 : one search of the form (jet activity)×(DV in IT), one search of the form (lepton)×(DV in IT), and the two existing searches (HCAL)×(HCAL) and (MS)×(MS or IT). We assume these searches have close to zero background and estimate sensitivities accordingly, but as we explained above this assumption is likely too optimistic for the HCAL search.
To arrive at approximately realistic signal estimates, it is necessary to understand triggering and offline reconstruction efficiencies for displaced decays. Fortunately, the two ATLAS searches supply these efficiencies either directly, or in the form of final event yields, see Table 5 . The displaced decay triggers in the HCAL and MS have triggering efficiencies trig per decay that can be taken to be approximately constant and (for our purposes) independent of glueball mass in the relevant detector volume. A full displaced vertex in the tracker or MS can be reconstructed with an offline efficiency DV per vertex [66] . For displaced decays in the HCAL, an overall offline efficiency offline is applied to the event, which reproduces the ∼ 500 signal events predicted for this search at run 1 of the LHC with Br(h → XX) = 1 [65] .
For the prompt lepton trigger, a flat lepton reconstruction efficiency of 85% is applied. For jet triggers, PGS is used for hadronic object reconstruction. This might not, at first, appear sufficient, since PGS assumes prompt decay. However, when glueball final states are used for triggering the prompt assumption under-estimates trigger efficiency, since it does not take into account collimation of glueball final states decaying on the edge of the tracker, which increases the likelihood of surpassing jet thresholds. Therefore, our simple pipeline is sufficient for a conservative signal estimate.
Our results can be easily rescaled for different DV reconstruction efficiencies. This is especially salient since projecting HL-LHC limits using current ATLAS capabilities may be very conservative. First, even though the CMS displaced dijet search [82] has no sensitivity to exotic Higgs decays due to a large H T requirement, it does suggest that CMS may be able to reconstruct DVs in the tracker with significantly higher than 10% efficiency. Second, both detectors will undergo upgrades as part of the HL-LHC program, which should greatly improve tracking and triggering capabilities [83, 84] . As a result, the 3000 fb −1 signal may be larger than what we project by an O(1) factor, but this does not affect our main conclusions. 11 The results are presented in Fig. 8 . The dark (light) shaded colored regions indicate which regions of the (m 0 , m TP ) parameter space give more than N = 10 signal detected signal events for κ = κ max (κ min ), which for a relatively background-free search should approximate discovery or exclusion potential. The black contours indicate which value of κ is required to give N = 10 across the whole parameter space. This allows for an easy rescaling of the actual parameter space exclusions for different hypotheses of what κ(m 0 ) might be. It also makes clear that our conclusions are robust even assuming O(1) uncertainties for our signal estimate (as might be the case if additional cuts are required to reduce background to zero in a realistic analysis).
We also show the sensitivity of these searches in a model-independent way, as projected limits on the exotic Higgs decay branching ratio Br(h → XX) as a function of lifetime for m X = 30 GeV in Fig. 9 .
The 8 TeV (HCAL)×(HCAL) and (MS)×(MS or IT) searches have very little sensitivity to uncolored naturalness, and only probe a small part of parameter space with very light top partners. 12 The MS limits in Fig. 9 agree well with the experimental exclusions [66] , while our background-free assumption overestimates the sensitivity of the HCAL compared to the published limits [65] , as expected. If the two new searches with a single DV in the IT were performed on the run 1 dataset, mirror glueballs lighter than about 40 GeV could be probed for top partner masses of about 100 -300 GeV. 11 It should be noted that our DV + (lepton or jets) searches are robust at the O(1) level, even under the pessimistic assumption that most of the unstable glueballs are produced in asymmetric h → 0 ++ + X decays. The searches requiring two DV's would have to be modified, but in that case it should be possible to combine a single reconstructed vertex in the MS or HCAL with a lepton or jet requirement and recover a similar sensitivity to what we show for the MS and HCAL searches. 12 That region is already probed by h → γγ signal strength measurements and other Higgs coupling measurements for the case of Folded SUSY and Twin Higgs respectively [56] . Projected sensitivities of the displaced decay searches listed in Table 4 , expressed modelindependently as limits on the exotic Higgs decay branching ratio Br(h → XX) as a function of the proper lifetime cτ of X, for m X = 30 GeV. Zero background is assumed, which is not likely to be realistic for the HCAL search. Decreasing (increasing) m X shifts the curves slightly to the left (right).
At the HL-LHC, the most coverage is achieved by looking for one DV in association with a lepton. For lighter glueballs, jets + one DV or two DVs in the muon system provide additional coverage. The jets + one DV search could additionally cover much of the same parameter space as the lepton + one DV search if DV reconstruction down to r min = 50 µm was possible for that search as well. Overall, the HL-LHC should be able to probe uncolored naturalness via Higgs to glueball decay with top partner masses up to about a TeV for a wide range of theoretically motivated glueball masses.
The reach at the 14 TeV LHC with only 300 fb −1 can be easily read off from Fig. 8 by shifting the exclusions one log 10 κ contour inwards, corresponding to a factor of 10 reduction in signal compared to the HL-LHC. Most of the glueball masses are covered, and top partners up to 500 -700 GeV can be probed, though the lepton + one DV search looses sensitivity for m 0 ∼ 60 GeV, m TP ∼ 200 GeV. The 100 TeV results are meant to be illustrative only, since the assumptions we used are driven by the limitations of present-day experiments. By the time the next collider is built, it is likely that full track reconstruction can be used for low-level triggering, if triggering is needed at all. Displaced vertex reconstruction capabilities might be superior as well. That being said, new backgrounds e.g. from B and D decays, which are not essential at current energies and luminosities, may play a role at 100 TeV. Even so, our estimates serve to demonstrate an enticing potential sensitivity to exotic Higgs decays with glueballs in the final state. This provides strong motivation to make sure such relatively soft signatures, which in this case give access to multi-TeV scale top partner masses, are not missed in the detector design of future machines.
We have used the VBF h →bb and the inclusive VBF trigger for our example of a (jets)×(IT) type search. In Fig. 10 we show how sensitivity depends on the type of jet trigger utilized for a search at the HL-LHC. All the jet triggers have roughly comparable performance.
Finally, it is possible that other glueball decays provide additional sensitivity in certain parts of parameter space. For example, the 2 ++ glueball has a mass of ≈ 1.4m 0 and a lifetime several orders of magnitude longer than the 0 ++ state [34] . Depending on the details of mirror hadronization, h → 2 ++ +X decays may therefore produce DV's in the tracker or MS for 30−40 GeV m 0 < 52 GeV, when decays to 2 ++ are kinematically allowed, and 0 ++ is relatively short-lived.
The overall lesson of our investigation is clear. The LHC has great potential to probe uncolored naturalness. Exotic Higgs decays to mirror glueballs, with reconstruction of the subsequent displaced decay down to 50 µm from the interaction point, gives sensitivity to glueballs across the theoretically preferred 12 -60 GeV range, with uncolored top partner masses up to around a TeV.
Glueball Production through Mirror Partner Annihilation
Exotic Higgs decays are not the only production mode for mirror glueballs. Top partners, or any mirror particles, can be pair-produced directly via their coupling to the SM-like Higgs or (in the case of EW-charged hidden sectors) DY-like processes. If the partner pair is charged under mirror QCD it will form a stable excited 'quirky' bound state that de-excites via soft glueball and/or photon emission [55, [85] [86] [87] until it annihilates into mirror gluons, Higgs bosons, and possibly other particles in the visible or mirror sectors.
Mirror gluons resulting from top partner annihilation undergo a perturbative pure-gauge partonshower, then hadronize into jets of mirror glueballs. One would reasonably expect at least ∼ 1/10 of these glueballs to be the lightest, 0 ++ , state, with total glueball multiplicities per jet O(m TP /m 0 ) for m TP O(10m 0 ). 13 In much of the parameter space of uncolored naturalness, these 0 ++ decay within the tracker volume, which allows mirror partner pair production events to be tagged by either reconstructing DVs, or observing a very b-and τ -rich final state from 0 ++ decay. 14 For DY production of EW-charged top partners, rudimentary signal estimates indicate that such channels may be competitive with exotic Higgs decays for mirror glueball discovery.
For large regions of their parameter space, mirror partners annihilate into hh about 1/10 as often as into mirror gluons [19, 91] . Including reconstruction and b-tagging efficiencies, we expect the number of detectable hh events in the 4b final state [92] to be an O(10) factor smaller than the number of events with mirror glueballs, but the hh final state may be the best avenue for measuring quirkonium mass (and hence the top partner masses). This could also be possible with the glueball jet final state, but it is unclear to what extent the larger signal rate compensates for greater difficulty in reconstructing the initial particle mass in a single event.
Additional complications may also arise if the produced partner-pair beta-decays before annihilating. In this case the emitted lepton, if it is in the visible sector as in Folded SUSY or Quirkly Little Higgs, may contain information on the mirror sector spectrum, but for the Twin Higgs models a mass measurement would become much more difficult.
The prospect of using top partner pair production to discover uncolored naturalness is an important alternative avenue to be explored. It is made even more attractive by the possibility of measuring masses and couplings in the mirror sector, both directly (as described above) and by correlation with measurements of exotic Higgs decays and, perhaps, glueball lifetime measurements. Following discovery of mirror glueballs, this would allow uncolored naturalness models to be distinguished from generic Hidden Valleys, and could confirm that the little hierarchy problem is solved by uncolored top partners. We will investigate partner annihilation signatures in future work.
Conclusion
Theories of uncolored naturalness offer a compelling alternative to standard SUSY and composite Higgs theories. They allow for a natural solution to the little hierarchy problem with phenomenology that is completely distinct from colored top partner scenarios. Far from being undetectable at the LHC, these signatures, while exotic, may still be effectively probed in the near future. We place the experimental signals of uncolored top partner theories in broader context, with Folded SUSY, Quirky Little Higgs, and Twin Higgs theories considered as representatives in a bottom-up theory space, see Table 1 . This makes clear that the signature of exotic Higgs decays to unstable mirror glueballs, first 13 By analogy to hadron multiplicity for jets from e + e − annihilation with √ s 10 GeV [88] . 14 For some related signatures, see [89, 90] . Table 4 , or similar, are approximately background-free, and ∼ 10 events allow for discovery. We omit the HCAL search since it likely is not background-free. Note different scaling of vertical axes. For comparison, the inclusive TLEP h → invisible limit, as applied to the perturbative prediction for Br(h → all glueballs), is shown for future searches as well. Lighter and darker shading correspond to the optimistic (pessimistic) signal estimates κ = κ max (κ min ), under the assumption that h decays dominantly to two glueballs. Effect of glueball lifetime uncertainty is small and not shown. m 0 is the mass of the lightest glueball 0 ++ ; the vertical axes correspond to mirror stop mass in Folded SUSY (see Eq. (3.8)) and mirror top mass in Twin Higgs and Quirky Little Higgs (see Eq. (3.12)). Vertical solid (dashed) lines show where κ might be enhanced (suppressed) due to non-perturbative mixing effects, see Section 3.5.
pointed out explicitly in [57] with a primary focus on the Fraternal Twin Higgs model, is in fact the smoking gun for models with electroweak-charged mirror sectors.
In this paper we present the first detailed phenomenological analysis of these exotic Higgs decays to mirror glueballs. RG arguments suggest that the lightest and most unstable glueball, which is a prediction of Folded SUSY and Quirky Little Higgs models and a possible outcome of the Twin Higgs scenario, has a mass in the ∼ 10 − 60 GeV range, which makes the discovered 125 GeV SM-like Higgs a powerful probe of uncolored naturalness. A careful treatment of hadronization and non-perturbative uncertainties of the mirror sector allows us to perform an explicit signal estimate for the 8 and 14 TeV LHC, as well as a hypothetical 100 TeV machine. This is greatly aided by efficiency tables for displaced vertex reconstruction released by the ATLAS collaboration [65, 66] . We suggest several new searches requiring one displaced vertex in the tracker along with jet or lepton triggers. This approach is vital to probe glueballs with 30 GeV masses, and strongly motivates the reconstruction of displaced vertices with decay lengths ∼ 50µm.
The discovery potential of various searches is summarized in Fig. 11 . Our approach for estimating signal has been conservative, both by assuming only two-body production of 0 ++ from Higgs decays and by assuming present-day ATLAS detector capabilities for all future projections. Even so, the achievable reach at the LHC across the whole range of considered glueball masses is impressive. Folded SUSY stops could be discovered with masses up to 600 (1100) GeV at the LHC with 300 (3000) fb −1 of data, while Twin Higgs top partners could be accessible with masses up to 900 (1500)
GeV. At a 100 TeV collider, top partner masses in excess of 2 TeV are easily probed. This allows for an exciting complementarity between measuring the low-energy consequences of uncolored naturalness and directly probing details of the UV completion required by such theories. Fig. 11 also shows the TLEP limit [58] on Br(h → invisible), as applied to the perturbative prediction for Br(h → all glueballs). However, lepton colliders could also set powerful limits by directly looking for prompt or displaced h → 4b decays. This channel deserves future study. Indirect constraints on Folded SUSY from Higgs coupling measurements will only constrain for top partner masses 350 GeV [56] . Direct production of first and second generation Folded SUSY mirror squarks would be a distinctive signal, but their mass is not tied directly to the little hierarchy problem and they could easily escape detection in a natural theory [56] . In the Twin and Quirky Little Higgs models, precision Higgs measurements with 3000 fb −1 of data may probe top partners up to 800 GeV (depending on the cutoff). Exotic Higgs decay searches could easily surpass this sensitivity.
All the searches we examine lose sensitivity if the glueball mass is below thebb threshold. This leads to very long glueball lifetimes and very few decays in the detector. While theories with electroweak top partners (FSUSY, Quirky Little Higgs) motivate glueballs heavier than 12 GeV, such light and long-lived glueballs can easily be realized in Twin Higgs models, and developing searches with sensitivity to these scenarios is highly motivated.
It has long been understood that future lepton colliders allow for the detection of all known natural Twin Higgs scenarios through precision Higgs coupling measurements. We demonstrated that the LHC has sensitivity to TeV-scale top partners through exotic Higgs decays to mirror glueballs, which covers Folded SUSY and Quirky Little Higgs theories. This complementarity puts all known uncolored top partner theories within our reach, and might allow us to eventually probe naturalness in all its forms.
